
http://www.elsevier.com/locate/jat
Journal of Approximation Theory 128 (2004) 175–186

Inequalities of Rafalson type for
algebraic polynomials

K.H. Kwona,� and D.W. Leeb

aDivision of Applied Mathematics, Kaist, Taejon 305-701, Republic of Korea
bDepartment of Mathematics, Teachers College, Kyungpook National University, Taegu 702-701,

Republic of Korea

Received 21 January 2003; accepted in revised form 27 April 2004

Communicated by Leonid Golinskii

Abstract

For a positive Borel measure dm; we prove that the constant

gnðdn; dmÞ :¼ sup
pAPn\f0g

R
N

�N
p2ðxÞdnðxÞR

N

�N
p2ðxÞdmðxÞ

;

can be represented by the zeros of orthogonal polynomials corresponding to dm in case (i)

dnðxÞ ¼ ðA þ BxÞdmðxÞ; where A þ Bx is nonnegative on the support of dm and (ii) dnðxÞ ¼
ðA þ Bx2ÞdmðxÞ; where dm is symmetric and A þ Bx2 is nonnegative on the support of dm: The

extremal polynomials attaining the constant are obtained and some concrete examples are

given including Markov-type inequality when dm is a measure for Jacobi polynomials.
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1. Introduction

Let dm be a positive Borel measure on R with infinite support whose moments are

all finite. Then there exists an orthonormal polynomial system fPnðdm; xÞgNn¼0 with

ARTICLE IN PRESS

�Corresponding author. Fax: +82-42-869-2710.

E-mail addresses: khkwon@amath.kaist.ac.kr (K.H. Kwon), dowlee@knu.ac.kr (D.W. Lee).

0021-9045/$ - see front matter r 2004 Elsevier Inc. All rights reserved.

doi:10.1016/j.jat.2004.04.009



respect to dm such thatZ
N

�N

Pmðdm; xÞPnðdm; xÞdmðxÞ ¼ dmn; m; n ¼ 0; 1; 2;y;

where dmn is the Kronecker delta. One of the most important properties for

fPnðdm; xÞgNn¼0 is the three term recurrence relation

xPnðdm; xÞ ¼ anþ1Pnþ1ðdm; xÞ þ bnPnðdm; xÞ þ anPn�1ðdm; xÞ; n ¼ 0; 1; 2;y;

where P�1ðxÞ 	 0; P0ðdm; xÞ ¼ ð
R
N

�N
dmðxÞÞ

1
2; and

an ¼ anðdmÞ ¼
Z

N

�N

xPnðdm; xÞPn�1ðdm; xÞdmðxÞ; nX1;

bn ¼ bnðdmÞ ¼
Z

N

�N

xP2
nðdm; xÞdmðxÞ; nX0:

It is interesting to find the best possible constant gn ¼ gnðdn; dmÞ such that

jjpjjdnpgnjjpjjdm; pAPn; ð1:1Þ

where Pn is the space of all real polynomials of degree at most n; dn is another
positive Borel measure on R; and

jjpjjdm :¼
Z

N

�N

p2ðxÞdmðxÞ
� �1

2
:

The constant gn can be redefined by

gnðdn; dmÞ ¼ sup
pAPn

fjjpjjdn : jjpjjdm ¼ 1g:

For dmðxÞ ¼ ð1 � xÞað1 þ xÞb dx and dnðxÞ ¼ ð1 � xÞgð1 þ xÞd dx on ½�1; 1�; gn was

estimated in [1,4] and for a ¼ b ¼ 1
2; g ¼ d ¼ 3

2 or a ¼ b ¼ 3
2; g ¼ d ¼ 1

2; the exact value

of gn was obtained by Rafalson [5].
In this paper, we will prove that the constant gn can be expressed by the zeros of

orthonormal polynomials with respect to dm in cases (i) dnðxÞ ¼ ðA þ BxÞdmðxÞ;
where A þ Bx is nonnegative on the support of dm and (ii) dnðxÞ ¼ ðA þ Bx2ÞdmðxÞ;
where dm is symmetric and A þ Bx2 is nonnegative on the support of dm: The
extremal polynomial attaining gn is obtained and some concrete examples are given
including Markov-type inequality when dm is a measure for Jacobi polynomials.

2. Case dmðxÞ ¼ ðA þ BxÞdlðxÞ

The zeros of orthogonal polynomial Pnðdm; xÞ are denoted by
x1nðdmÞ4x2nðdmÞ4?4xnnðdmÞ: Then by the Gauss quadrature formula, we have

x1;nþ1ðdmÞ ¼ max
pAPn\f0g

R
N

�N
xp2ðxÞdmðxÞR

N

�N
p2ðxÞdmðxÞ

ð2:1Þ
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and

xnþ1;nþ1ðdmÞ ¼ minpAPn\f0g

R
N

�N
xp2ðxÞdmðxÞR

N

�N
p2ðxÞdmðxÞ

: ð2:2Þ

The maximum and the minimum in (2.1) and (2.2) are attained if and only if pðxÞ ¼
cPnþ1ðdm;xÞ

x�x1;nþ1ðdmÞ and pðxÞ ¼ cPnþ1ðdm;xÞ
x�xnþ1;nþ1ðdmÞ; respectively, where c is a nonzero constant. Using

these formula, we can easily prove:

Theorem 2.1. Let dnðxÞ ¼ gðxÞdmðxÞ; where gðxÞ ¼ A þ Bx is nonnegative on the

support of dm: Then

gnðdn; dmÞ ¼ max
k¼1;2;y;nþ1

gðxk;nþ1Þ
� �1

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx1;nþ1Þ

p
if BX0;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðxnþ1;nþ1Þ
p

if Bo0

(
ð2:3Þ

and

gnðdm; dnÞ ¼ min
k¼1;2;y;nþ1

gðxk;nþ1Þ
� ��1

2
¼

gðxnþ1;nþ1Þ�
1
2 if BX0;

gðx1;nþ1Þ�
1
2 if Bo0;

8<
: ð2:4Þ

where xk;nþ1 ¼ xk;nþ1ðdmÞ: The constants gnðdn; dmÞ in ð2:3Þ and gnðdm; dnÞ in ð2:4Þ are

attained if and only if pðxÞ ¼ cPnþ1ðdm;xÞ
x�xk;nþ1ðdmÞ; where c is a nonzero constant and

k ¼
1 if BX0

n þ 1 if Bo0

�
for gnðdn; dmÞ; k ¼

n þ 1 if BX0

1 if Bo0

�
for gnðdm; dnÞ:

Proof. By the Gauss quadrature formula, we have for any pAPn;Z
N

�N

p2ðxÞdnðxÞ ¼
Z

N

�N

ðA þ BxÞp2ðxÞdmðxÞ

¼
Xnþ1

k¼1

lk;nþ1ðA þ Bxk;nþ1Þp2ðxk;nþ1Þ

p max
k¼1;2;y;nþ1

ðA þ Bxk;nþ1Þ
Xnþ1

k¼1

lk;nþ1p2ðxk;nþ1Þ

¼ max
k¼1;2;y;nþ1

gðxk;nþ1Þ
Z

N

�N

p2ðxÞdmðxÞ; ð2:5Þ

where lk;nþ1 :¼ lk;nþ1ðdmÞ are the Christoffel numbers for the measure dm: Now

assume BX0: Then maxk¼1;2;y;nþ1 gðxk;nþ1Þ ¼ gðx1;nþ1Þ and we have the equality in

(2.5) for pðxÞ ¼ Pnþ1ðxÞ
x�x1;nþ1

: Conversely if the equality holds in (1.1) for pðxÞ; then the

equality holds also in (2.5) so that pðxk;nþ1Þ ¼ 0; 2pkpn þ 1: Hence pðxÞ ¼
cPnþ1ðxÞ
x�x1;nþ1

; ca0: This proves (2.3) when BX0: In case Bo0; the proof is similar. Finally
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Eq. (2.4) can be proved by a similar process using (2.2) instead of (2.1) and

g2nðdm; dnÞ ¼ max
pAPn\f0g

R
N

�N
p2ðxÞdmðxÞR

N

�N
p2ðxÞdnðxÞ

¼ minpAPn\f0g

R
N

�N
p2ðxÞdnðxÞR

N

�N
p2ðxÞdmðxÞ

( )�1

: & ð2:6Þ

Corollary 2.2. Let dnðxÞ ¼ ð1 � xÞað1 þ xÞbdx; dmðxÞ ¼ ð1 � xÞgð1 þ xÞd dx on

½�1; 1�; and ja;b
g;d ðnÞ ¼ gnðdn; dmÞ; where a; b; g; d4� 1: Then

j3=2;1=2
1=2;1=2ðnÞ ¼ j1=2;3=2

1=2;1=2ðnÞ ¼
ffiffiffi
2

p
cos

p
2ðn þ 2Þ;

j1=2;1=2
3=2;1=2ðnÞ ¼ j1=2;1=2

1=2;3=2ðnÞ ¼
ffiffiffi
2

p
sin

p
2ðn þ 1Þ

 ��1

;

j1=2;�1=2
�1=2;�1=2ðnÞ ¼ j�1=2;1=2

�1=2;�1=2ðnÞ ¼
ffiffiffi
2

p
cos

p
4ðn þ 1Þ;

j�1=2;�1=2
1=2;�1=2 ðnÞ ¼ j�1=2;�1=2

�1=2;1=2 ðnÞ ¼
ffiffiffi
2

p
sin

p
4ðn þ 1Þ

 ��1

:

Proof. Let gðxÞ ¼ 1 � x: Since the smallest zero of Chebychev polynomial Unþ1ðxÞ
of the second kind is �cos p

nþ2
;

j3=2;1=2
1=2;1=2ðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ cos

p
n þ 2

r
¼
ffiffiffi
2

p
cos

p
2ðn þ 2Þ: ð2:7Þ

All others can be proved similarly by Theorem 2.1. &

Example 2.1. Let dmðxÞ ¼ xae�x dx and dnðxÞ ¼ x dmðxÞ on ½0;NÞ; where a4� 1:
Using the asymptotic behavior of the greatest zero x1;nþ1 of the Laguerre polynomial

L
ðaÞ
nþ1ðxÞ [6], we can use

lim
n-N

gnðdn; dmÞ
2
ffiffiffi
n

p ¼ lim
n-N

ffiffiffiffiffiffiffiffiffiffiffiffi
x1;nþ1

p

2
ffiffiffi
n

p ¼ 1:

Let dnðxÞ ¼ gðxÞdmðxÞ; where gAPc is nonnegative on ½0;NÞ: Then by the same
process as in the proof of Theorem 2.1, we have for any pAPn;Z

N

0

p2ðxÞdnðxÞp max
k¼1;2;y;nþm

gðxk;nþmÞ
Z

N

0

p2ðxÞdmðxÞ; m ¼ cþ 1

2

� �
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and

Z
N

0

p2ðxÞdnðxÞX min
k¼1;2;y;nþm

gðxk;nþmÞ
Z

N

0

p2ðxÞdmðxÞ; m ¼ cþ 1

2

� �
:

Hence, we obtain an estimation for gnðdn; dmÞ:

min
k¼1;2;y;nþm

gðxk;nþmÞpg2nðdn; dmÞp max
k¼1;2;y;nþm

gðxk;nþmÞ: ð2:8Þ

But, estimate (2.8) is not sharp in general if lX2:

3. Case dmðxÞ ¼ ðA þ Bx2ÞdlðxÞ

In this section, dm is assumed to be symmetric and so the corresponding
orthonormal polynomials satisfy

xPnðdm; xÞ ¼ anþ1Pnþ1ðdm; xÞ þ anPn�1ðdm; xÞ; nX0:

Lemma 3.1. Let dm be symmetric. Then we have

x1;nþ2ðdmÞ ¼ max
pAPn\f0g

R
N

�N
x2p2ðxÞdmðxÞR

N

�N
p2ðxÞdmðxÞ

and equality holds if and only if pðxÞ ¼ cPnþ2ðdm;xÞ
x2�x2

1;nþ2

; where c is a nonzero constant.

Proof. See Theorem 2 in [2]. &

Lemma 3.2. For any ðn þ 1Þ � ðn þ 1Þ matrix W ðnX1Þ;

W :¼

a0 0 b1 0 0 0 ? 0

0 a1 0 b2 0 0 ? 0

b1 0 a2 0 b3 0 ? 0

0 b2 0 a3 0 b4 ? 0

^ ^ & & & & ? ^

^ ^ & & & & & bn�1

^ ^ & & & & an�1 0

0 ? ? ? 0 bn�1 0 an

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

ð3:1Þ

ARTICLE IN PRESS
K.H. Kwon, D.W. Lee / Journal of Approximation Theory 128 (2004) 175–186 179



we have jW j ¼ jU jjV j; where jW j is the determinant of the matrix W ;

U :¼

a0 b1 0 0 0 ? 0

b1 a2 b3 0 0 ? 0

0 b3 a4 b5 0 ? ^

0 0 & & & ? 0

^ ^ & & & & 0

^ ^ & & & a2m�2 b2m�1

0 ? ? ? 0 b2m�1 a2m

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
; m :¼ n

2

h i

and

V :¼

a1 b2 0 0 0 ? 0

b2 a3 b4 0 0 ? 0

0 b4 a5 b6 0 ? ^

0 0 & & & ? 0

^ ^ & & & & 0

^ ^ & & & a2c�1 b2c

0 ? ? ? 0 b2c a2cþ1

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
; c :¼ n � 1

2

� �
:

Proof. We only prove the case n ¼ 2m even since the other case can be proved by
same way. Let

W ¼ ½C0;C1;y;Cn�;

where Ci is the ith column of W : By moving every even column of W to the right, we
obtain

W1 ¼ ½C0;C2;y;Cn;C1;C3;y;Cn�1�:

Write the transpose W T
1 of W1 as

W T
1 ¼ ½C1

0 ;C1
1 ;y;C1

n �;

where C1
i is the ith column of W T

1 : By moving every even column of W T
1 to the right,

we obtain

W2 ¼ ½C1
0 ;C1

2 ;y;C1
n ;C1

1 ;C1
3 ;y;C1

n�1�

¼
U 0

0 V

 �
:

Then jW j ¼ jW2j ¼ jU jjV j: &
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Theorem 3.3. Let dnðxÞ ¼ ðA þ Bx2ÞdmðxÞ; where A þ Bx2 is nonnegative on the

support of dm: If dm is symmetric, then

gnðdn; dmÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A þ Bx2

1;nþ2

q
if BX0;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A þ Bx2
sþ1;nþ2

q
if Bo0 and n ¼ 2s;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A þ Bx2
sþ1;nþ1

q
if Bo0 and n ¼ 2s þ 1

8>>>><
>>>>:

ð3:2Þ

and

gnðdm; dnÞ ¼

ðA þ Bx2
1;nþ2Þ

�1
2 if Bp0;

ðA þ Bx2
sþ1;nþ2Þ

�1
2 if B40 and n ¼ 2s;

ðA þ Bx2
sþ1;nþ1Þ

�1
2 if B40 and n ¼ 2s þ 1:

8>>>><
>>>>:

ð3:3Þ

Proof. We will prove only (3.2). Then (3.3) can be proved by a similar process with

(2.6). When B ¼ 0; it is trivial and so we may assume Ba0: Let pðxÞ ¼Pn
k¼0 ckPkðdm; xÞ: Then by the three term recurrence relation,

ðA þ Bx2ÞpðxÞ ¼
Xn

k¼0

ðA þ Bx2ÞckPkðxÞ

¼
Xn

k¼0

½A þ Bða2
kþ1 þ a2

kÞ�ckPkðxÞ

þ
Xnþ2

k¼2

Bakak�1ck�2PkðxÞ þ
Xn�2

k¼0

Bakþ2akþ1ckþ2PkðxÞ;

where ak ¼ akðdmÞ and PkðxÞ ¼ Pkðdm; xÞ: Hence, by the orthonormality of

fPnðxÞgNn¼0;

Z
N

�N

p2ðxÞdnðxÞ ¼
Xn

k¼0

½A þ Bða2
kþ1 þ a2

kÞ�c2
k þ 2

Xn�2

k¼0

Bakþ2akþ1ckckþ2:

If we assume that jjpjjdm ¼ 1; that is,
Pn

k¼0c2
k ¼ 1; then

g2nðdn; dmÞ ¼ maxPn

k¼0
c2

k
¼1

Xn

k¼0

½A þ Bða2
kþ1 þ a2

kÞ�c2
k þ 2

Xn�2

k¼0

Bakþ2akþ1ckckþ2

( )
;

which is equal to maxfjlj : l is an eigenvalue of Wg; where W is matrix (3.1) with

ak ¼ A þ Bða2
k þ a2

kþ1Þ and bk ¼ Bakakþ1: By Lemma 3.2, gnðdn : dmÞ ¼ maxfjlj :
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UmðlÞ ¼ 0 or VcðlÞ ¼ 0g; where

UmðlÞ ¼

a0 � l b1 0 0 0 ? 0

b1 a2 � l b3 0 0 ? 0

0 b3 a4 � l & 0 ? 0

0 0 & & & ? 0

^ ^ & & & & 0

^ ^ & & & a2m�2 � l b2m�1

0 ? ? ? 0 b2m�1 a2m � l

�����������������

�����������������

m ¼ n

2

h i� �

and

VcðlÞ ¼

a1 � l b2 0 0 0 ? 0

b2 a3 � l b4 0 0 ? 0

0 b4 a5 � l & 0 ? 0

0 0 & & & ? 0

^ ^ & & & & 0

^ ^ & & & a2c�1 � l b2c

0 ? ? ? 0 b2c a2cþ1 � l

�����������������

�����������������
c ¼ n � 1

2

� � �
:

Now zeros of UmðlÞ and VcðlÞ are the zeros of orthonormal polynomials Smþ1ðxÞ
and Tcþ1ðxÞ; respectively, satisfying

xSk ¼ Ba2kþ2a2kþ1Skþ1 þ ½A þ Bða2
2kþ1 þ a2

2kÞ�Sk þ Ba2ka2k�1Sk�1; ð3:4Þ

xTk ¼ Ba2kþ3a2kþ2Tkþ1 þ ½A þ Bða2
2kþ2 þ a2

2kþ1Þ�Tk þ Ba2kþ1a2kTk�1: ð3:5Þ

On the other hand, since dm is symmetric, if we set

Qkðx2Þ ¼ P2kðdm; xÞ and xRkðx2Þ ¼ P2kþ1ðdm; xÞ; kX0; ð3:6Þ

then fQkðxÞgNk¼0 and fRkðxÞgNk¼0 are orthonormal polynomials satisfying the three

term recurrence relations

xQkðxÞ ¼ a2kþ2a2kþ1Qkþ1ðxÞ þ ða2
2kþ1 þ a2

2kÞQkðxÞ

þ a2ka2k�1Qk�1ðxÞ; kX0; ð3:7Þ

xRkðxÞ ¼ a2kþ3a2kþ2Rkþ1ðxÞ þ ða2
2kþ2 þ a2

2kþ1ÞRkðxÞ

þ a2kþ1a2kRk�1ðxÞ; kX0: ð3:8Þ

Then fQnð1Bðx � AÞÞgNn¼0 and fRnð1Bðx � AÞÞgNn¼0 satisfy the recurrence relations (3.4)

and (3.5), respectively. Hence,

Smþ1ðxÞ ¼ Qmþ1
1

B
ðx � AÞ

 �
and Tcþ1ðxÞ ¼ Rcþ1

1

B
ðx � AÞ

 �
:
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From relation (3.6), Qmþ1ðx2
k;2mþ2Þ ¼ 0; k ¼ 1; 2;y;m þ 1; and Rcþ1ðx2

k;2cþ3Þ ¼ 0;

k ¼ 1; 2;y; cþ 1 and so

Smþ1ðA þ Bx2
k;2mþ2Þ ¼ 0; k ¼ 1; 2;y;m þ 1;

Tcþ1ðA þ Bx2
k;2cþ3Þ ¼ 0; k ¼ 1; 2;y; cþ 1:

Hence

g2nðdn; dmÞ ¼ max
k¼1;2;y;mþ1;
j¼1;2;y;cþ1

fA þ Bx2
k;2mþ2;A þ Bx2

j;2cþ3g

¼
A þ B maxfx2

1;2mþ2; x2
1;2cþ3g if B40

A þ B minfx2
mþ1;2mþ2; x2

cþ1;2cþ3g if Bo0:

(

If B40 and n ¼ 2s is even, then m ¼ s and c ¼ s � 1 so that

g2nðdn; dmÞ ¼ A þ Bx2
1;2sþ2 ¼ A þ Bx2

1;nþ2:

If B40 and n ¼ 2s þ 1 is odd, then m ¼ s and c ¼ s so that

g2nðdn; dmÞ ¼ A þ Bx2
1;2sþ3 ¼ A þ Bx2

1;nþ2:

If Bo0 and n ¼ 2s is even, then m ¼ s and c ¼ s � 1 so that

g2nðdn; dmÞ ¼ A þ Bx2
sþ1;2sþ2 ¼ A þ Bx2

sþ1;nþ2

since 0oxsþ1;nþ1oxs;nþ1: If Bo0 and n ¼ 2s þ 1 is odd,then m ¼ c ¼ s so that

g2nðdn; dmÞ ¼ A þ Bx2
sþ1;2sþ2 ¼ A þ Bx2

sþ1;nþ1:

since 0oxsþ1;nþ1oxsþ1;nþ2: Hence, the conclusion follows. &

Note that the constant gnðdn; dmÞ in (2.2) is attained if and only if

pðxÞ ¼

cPnþ2ðdm; xÞ
x2 � x2

1;nþ2

if BX0;

cQsþ1ðxÞ
x2 � x2

sþ1;2sþ2

if Bo0;

8>>><
>>>:

where c is a nonzero constant.

Corollary 3.4. Let dnðxÞ ¼ ð1 � xÞað1 þ xÞb dx; dmðxÞ ¼ ð1 � xÞgð1 þ xÞd dx on

½�1; 1�; and ja;b
g;d ðnÞ ¼ gnðdn; dmÞ; where a; b; g; d4� 1: Then

j3=2;3=2
1=2;1=2ðnÞ ¼

cos
p

2ðn þ 3Þ if n is even;

cos
p

2ðn þ 2Þ if n is odd;

8><
>:

j1=2;1=2
3=2;3=2ðnÞ ¼ sin

p
n þ 3

 ��1

;
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j1=2;1=2
�1=2;�1=2ðnÞ ¼

cos
p

2ðn þ 2Þ if n is even;

cos
p

2ðn þ 1Þ if n is odd;

8><
>:

j�1=2;�1=2
1=2;1=2 ðnÞ ¼ sin

p
2ðn þ 2Þ

 ��1

:

Proof. If a ¼ b ¼ 3
2
and g ¼ d ¼ 1

2
; then dnðxÞ ¼ ð1 � x2ÞdmðxÞ and the orthonormal

polynomials fUnðxÞgNn¼0 with respect to dm are the Chebychev polynomials of the

second kind, whose zeros are

xknðdmÞ ¼ cos
kp

n þ 1
; k ¼ 1; 2;y; n:

Hence, by Theorem 3.3, if n ¼ 2s; then

j3=2;3=2
1=2;1=2ðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � cos2

ðs þ 1Þp
2s þ 3

r
¼ cos

p
2ðn þ 3Þ

and if n ¼ 2s þ 1; then

j3=2;3=2
1=2;1=2ðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � cos2

ðs þ 1Þp
2s þ 3

r
¼ cos

p
2ðn þ 2Þ:

All the other cases can be obtained similarly by Theorem 3.3 and the zeros of the
Chebychev polynomials of the first and the second kinds. &

Corollary 3.5. Let dm be symmetric. Then we have

min
pAPn\f0g

R
N

�N
x2p2ðxÞdmðxÞR

N

�N
p2ðxÞdmðxÞ

¼
x2

sþ1;nþ2 if n ¼ 2s;

x2
sþ1;nþ1 if n ¼ 2s þ 1:

(
ð3:9Þ

The minimum is attained if and only if pðxÞ ¼ cPnþ2ðdm;xÞ
x2�x2

sþ1;nþ2
ðdmÞ when n ¼ 2s and pðxÞ ¼

cPnþ1ðdm;xÞ
x2�x2

sþ1;nþ1
ðdmÞ when n ¼ 2s þ 1; where c is a nonzero constant.

Proof. Take A ¼ 0 and B ¼ 1 in Theorem 3.3. Then minpAPn\f0g

R
N

�N

x2p2ðxÞdmðxÞR
N

�N

p2ðxÞdmðxÞ
¼

g�2
n ðdm; dnÞ and so (3.9) holds by Theorem 3.3. By the Gauss quadrature formula and

(2.6), we can show that the minimum is attained only when

pðxÞ ¼

cPnþ2ðdm; xÞ
x2 � x2

sþ1;nþ2ðdmÞ
if n ¼ 2s;

cPnþ1ðdm; xÞ
x2 � x2

sþ1;nþ1ðdmÞ
if n ¼ 2s þ 1;

8>>><
>>>:

where c is a nonzero constant. &
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The following sharp inequality was proved in [3] (see also [1] for a ¼ b). If pAPn

and a; b4� 1; then

jjpðmÞjjmþa;mþbp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Gðn þ aþ bþ m þ 1Þ
ðn � mÞ!Gðn þ aþ bþ 1Þ

s
jjpjja;b; ð3:10Þ

where

jjpjja;b ¼
Z 1

�1

p2ðxÞð1 � xÞað1 þ xÞbdx

 �1
2

:

Applying Theorem 2.1 iteratively, if a ¼ bþ k; then

jjpðmÞjjaþm;bþmp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Gðn þ aþ bþ m þ 1Þ
ðn � mÞ!Gðn þ aþ bþ 1Þ

s
jjpjjbþk;b

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Gðn þ aþ bþ m þ 1Þ
ðn � mÞ!Gðn þ aþ bþ 1Þ

s Yk�1

j¼0

jbþjþ1;b
bþj;b ðnÞ jjpjjb;b

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Gðn þ aþ bþ m þ 1Þ
ðn � mÞ!Gðn þ aþ bþ 1Þ

s Yk�1

j¼0

ð1 � x
bþj;b
nþ1;nþ1Þ

1
2jjpjjb;b; ð3:11Þ

where fx
a;b
k;ng

n
k¼1 denotes the zeros of Jacobi polynomial P

ða;bÞ
n ðxÞ: Similarly, if a ¼

b� k; then

jjpðmÞjjaþm;bþmp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Gðn þ aþ bþ m þ 1Þ
ðn � mÞ!Gðn þ aþ bþ 1Þ

s Yk�1

j¼0

ð1 þ x
a;aþj
1;nþ1Þ

1
2jjpjja;a:

Combining Theorem 3.3 and applying Theorem 2.1 again, we obtain a Markov type
inequality. More precisely, if a ¼ bþ k; then

jjpðmÞjjaþm;bþmpDa;b
n;m

Yk�1

j¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x

bþj;b
nþ1;nþ1

q
jjpjjb;b

pDa;b
n;m

Yk�1

j¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x

bþj;b
nþ1;nþ1

q Ym�1

j¼0

ð1 � ðxbþj;bþj
1;nþ2 Þ2Þ�

1
2 jjpjjbþkþm;bþm

¼Da;b
n;m

Yk�1

j¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x

bþj;b
nþ1;nþ1

1 þ x
bþmþj;bþm
1;nþ1

vuut Ym�1

j¼0

ð1 � ðxbþj;bþj
1;nþ2 Þ2Þ�

1
2 jjpjjaþm;bþm
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and if a ¼ b� k; then

jjpðmÞjjaþm;bþmpDa;b
n;m

Yk�1

j¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ x

a;aþj
1;nþ1

1 þ x
aþm;aþmþj
nþ1;nþ1

vuut

�
Ym�1

j¼0

ð1 � ðxaþj;aþj
1;nþ2 Þ2Þ�

1
2 jjpjjaþm;bþm; ð3:12Þ

where

Da;b
n;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Gðn þ aþ bþ m þ 1Þ
ðn � mÞ!Gðn þ aþ bþ 1Þ

s
:

In particular, if k ¼ 0; then a ¼ b and

jjpðmÞjjaþm;bþmp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n!Gðn þ m þ 2aþ 1Þ
ðn � mÞ!Gðn þ 2aþ 1Þ

s Ym�1

j¼0

ð1 � ðxaþj;aþj
1;nþ2 Þ2Þ�

1
2jjpjjmþa;mþa;

which is a Markov-type inequality for ultraspherical polynomials. As a special case,

we obtain ða ¼ b ¼ �1
2
and m ¼ 1)

jjp0jj1
2;

1
2
p

n

sin p
2ðnþ2Þ

jjpjj1
2;

1
2
;

which was also found in [5]. In this way, we can obtain various kinds of inequalities
using (3.10), (3.11), and (3.12).
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